We consider entanglement entropy in quantum field theories with a gravity dual. In the gravity description, the leading order contribution comes from the area of a minimal surface, as proposed by Ryu-Takayanagi. Here we describe the one loop correction to this formula. The minimal surface divides the bulk into two regions. The bulk loop correction is essentially given by the bulk entanglement entropy between these two bulk regions. We perform some simple checks of this proposal.
Holographic entanglement entropy
In quantum field theories, it is interesting to compute the entanglement entropy among various subregions. For example, we can consider a region A and compute the entanglement entropy between region A and the rest of the system, see figure 1. In theories with a gravity dual there is a very simple prescription for computing this entropy [1, 2] . We first find a minimal area surface that ends on the boundary of region A, at the boundary of the bulk, see figure 1. Then the entropy is given by the area of this surface,
In situations where we can apply the replica trick, this formula was proven for AdS 3 in [3, 4] and more generally in [5] . This is the correct result to leading order in the G N expansion. If the boundary theory is a large N gauge theory, then (1.1) is of order N 2 . The leading term (1.1) comes from classical physics in the bulk. Here we consider the quantum corrections to this formula. Namely, corrections that come from quantum mechanical effects in the bulk. These are of order G The red segment indicates a spatial region, A, of the boundary theory. The leading contribution to the entanglement entropy is computed by the area of a minimal surface that ends at the boundary of region A. This surface divides the bulk into two, region A b and its complement. Region A b lives in the bulk and has one more dimension than region A. The leading correction to the boundary entanglement entropy is given by the bulk entanglement entropy between region A b and the rest of the bulk.
We find that the quantum corrections are essentially given by the bulk entanglement entropy. More precisely, the minimal surface that appears in (1.1) divides the bulk into two regions. We denote by A b the bulk region that is connected to the boundary region A, see figure 1 . Then the bulk quantum correction is essentially given by the bulk entanglement entropy between region A b and the rest of the bulk. Namely, at this order, we can think of the bulk as an effective field theory living on a fixed background geometry and compute the entanglement entropy of region A b as we would normally do in any quantum field theory 1 . This is a computation in the bulk effective field theory, it depends on the details of the bulk fields. We can then write the quantum correction as
The dots in (1.3) denote some extra one loop terms that can be expressed (like the classical term (1.1)) as an integral of local quantities. We will give a more detailed discussion of these terms below. They include terms that cancel the UV divergencies of the bulk entanglement entropy, so that S q is a finite quantity. In the case of black holes, this expression for the quantum correction has been discussed in [7-12, 14, 15] , with increasing 1 Caution: do not confuse the bulk entanglement entropy (1.3) with the one computed by the area formula (1.1). Both are computed in the bulk and are entanglement entropies, so unfortunately we have a clash of terminology. Hopefully, this will not cause confusion. Note also that [6] discussed a proposal of entanglement entropy in gravitational theories which does not require the surfaces to be minimal.
degrees of precision.
We first present a sketch of an argument for this formula. We then consider various simple checks.
An argument
In static situations one can use the replica trick to compute the entropy. This can be done to any order in the G N expansion. In particular, it can be used to compute the quantum corrections. The procedure is the following. First we find the smooth bulk solutions for each integer n. The full partition functions around these geometries, including the classical action and all quantum corrections, gives the n th Renyi entropies. One then computes the analytic continuation in n. At order G 0 N this involves computing the one loop determinants around each of the classical solutions. There are many difficulties with this method, including constructing the smooth bulk solutions and then continuing the replica index to non-integer n. Despite these difficulties, in [16] this method was used to compute the quantum correction in a few cases using the classical bulk solutions constructed in [3] . On the other hand, the formula (1.3) is a shortcut, or an alternative expression, for the final answer in the same way that (1.1) is a shortcut for the classical version of the replica method. The final answer (1.3) is physically clearer and easier to compute.
Review of the classical argument
Let us begin by reviewing the derivation of (1.1) in the classical case [5] . First consider the boundary field theory. The replica method is based on going to euclidean time and then considering an angular direction with origin at the boundary of region A. We label this by τ , with τ = τ + 2π, see figure 2 for an illustration.
We then consider the quantum field theory in a series of spaces given by the same metric but with τ = τ + 2πn, with integer n. With the naive boundary metric this τ circle shrinks at the boundary of the region A. However, we can rescale the metric by choosing a Weyl factor so that the circle does not shrink according to the boundary metric 2 . We need to compute the partition function of the quantum field theory on this sequence of spaces and then analytically continue in n to compute where ρ = ρ A is the density matrix of region A in the boundary theory.
In theories with gravity duals, the partition functions can be computed by considering bulk solutions, g n , which end at the boundary on the geometries we have defined above. Then one computes the gravitational action and partition functions for these solutions. This can be done to any order in the G N expansion. The leading order answer comes from evaluating the classical action. We discuss this first.
These bulk geometries, g n , are typically such that the circle τ shrinks smoothly in the interior. These geometries have a Z n symmetry generated by τ → τ + 2π, since the metric and all other couplings are periodic under this shift. See figure 3 . It is convenient to introduce the geometriesĝ n = g n /Z n . These are bulk geometries with exactly the same boundary conditions as the original geometry, g 1 , with τ = τ + 2π. However, these geometries typically contain a conical defect, or cosmic "string" (a codimension two surface) with opening angle 2π/n. These sit at the points where the Z n symmetry had fixed points, the points where the circle shrinks. Then the classical action obeys the condition I[g n ] = nI[ĝ n ]. This just follows from the fact that the classical action is the τ integral of a local lagrangian density. In evaluating I[ĝ n ] we do not include any contributions from the singularity, not even a Gibbons-Hawking boundary term near the singularity 3 .
We simply integrate the usual bulk lagrangian away from the singularity. We can now analytically continue the geometriesĝ n to non-integer n. They have the same boundary as the n = 1 solution, but in the interior they contain cosmic "string" singularity of opening angle 2π/n. When n → 1 we have a very light cosmic string. The minimal area condition comes from the equations of motion of this cosmic string and the area formula (1.1) follows essentially from its action, see [5] for more details. Figure 3 : Computation of the entropy using the replica trick. a) Original geometry with no U (1) symmetry. b) Replicated smooth geometry g 4 . c) After a Z n quotient of the g n geometry of b) we get the geometryĝ n = g n /Z n . It has a conical singularity with opening angle 2π/n. This geometry has the same asymptotic boundary conditions as the original one in a). We can analytically continue this geometry to non-integer values of n. d) We use the geometries in c) to construct the density matrixρ n .ρ n is defined as a path integral on this geometry with arbitrary boundary conditions at τ = 0, 2π. It can be computed using the bulk Hamiltonian for τ evolution.
Quantum argument
This is a generalization of the black hole discussion in [14, 15] to situations without the U (1) symmetry. At the quantum level, the replica trick instructs us to compute the partition function of all the bulk quantum fields around the black hole geometry. This involves computing the functional determinants for the quadratic fluctuations around the geometries g n 4 .
In performing this computation we can view τ as a time evolution, so that the quantum partition function can be written as
Here H b,n (τ ) is the bulk time dependent hamiltonian that evolves the system along the τ direction 5 . It depends on n because the equal τ slices of the geometry g n do depend on n. In the second equality we have used the fact that
. We have also defined a bulk (non-normalized) density matrixρ n . The n subscript reminds us that the definition depends on n because the bulk geometry depends on n. In fact, we can assign ρ n also to the bulk geometryĝ n = g n /Z n . Up to now the discussion was for integer n. Now we analytically continue to non-integer n as follows. We consider the bulk geometryĝ n that we defined for the classical computation. We define againρ n as given by the same expression as in (2.5). Now H n,b is a Hamiltonian defined on equal τ slices of the geometryĝ n , with non-integer n. In summary, we define the partition function for non-integer n via
Here we are ignoring UV divergencies. More precisely, we can consider a UV regulator that is local and general covariant so that the discussion is valid for the regulated theory.
We can now write the expression for the quantum correction as
Here S bulk−ent involves only ρ 1 ≡ρ 1 , which is the density matrix in the original (n = 1) geometry. This term computes the bulk entanglement entropy. The second term, S ··· , arises due to the n dependence of the bulk solution and gives rise to the dots in (1.3). Let us find a more explicity expression for this term. For simplicity, we assume that the solution is such that only the metric is non-zero in the classical background and the rest of the fields are zero. This can be easily generalized. To evaluate S ··· we go again to the Lagrangian formalism. The Lagragian, L(ĝ n , h, ϕ), depends on the background metric and the small fluctuations of all the fields: the metric fluctuations, h, as well as all the other 5 H b,n (τ ) is a local integral over a constant τ spatial slice. This should not be confused with the so called "modular hamiltonian", K, defined through e −K = P e
H b,n (τ ) which is a non-local operator.
fields denoted by ϕ. We can then write
where the brackets indicate quantum expectation values. In other words, we integrate over the fields h and ϕ. Here E µν represent equations of motion for the metric. These do not vanish because the quantum fluctuations are off shell. And Θ is related to all the partial integrations involved in going from a variation of the lagrangian to the equations of motion. We are using a notation similar to [17] , where the reader can find explicit expressions. Θ is linear in ∂ nĝ . The Θ term is the same as the one that gives rise to the Wald-like entropy formula [17] . We say Wald-like because we are considering a situation without a U (1) symmetry. For the usual two derivative action, it gives rise to the area formula. Here we are evaluating it for a generic off shell configuration (since we have general variations h, ϕ) and computing the expectation value. We have also subtracted the classical result.
The simplest example where this term is nonzero is the following. Consider a theory with a scalar field with a coupling ζφ 2 R. If the scalar field is zero in the classical solution, this does not contribute to the classical black hole entropy. However, if we consider the small fluctuations of φ, we will get a term proportional to ζ φ 2 (Area). Such a term arises from the Θ term in (2.8). In general, we denote such terms as ∆S W−like 6 . This is the expectation value of the formal expression for the Wald-like entropy 7 . We expect that the graviton gives rise to possible contributions to this term. Now let us focus on the first term in (2.8). The equations of motion are non-zero because we are considering quantum fluctuations. We can formally write this term as
Here we have viewed the quantum expectation value of the equations of motion as a quantum generated expectation value for the stress tensor. This expectation value of the equations of motion will force us to change in the classical background. Indeed, to avoid "tadpoles" we will need to change the classical backgroundĝ →ĝ +h, whereh is small 6 Note that for solutions where R = 0, we do not expect any ζ dependence on S q or S bulk−ent . S bulk−ent does not depend on ζ and one can easily show that the ζ dependence on the finite part of S ... cancels between δA and ∆S W−like terms. 7 In situations without a U (1) symmetry, the general Wald-like expression for a general higher derivative theory is not known. For the purposes of this discussion we simply assume that such an expression exists. In the case of an action with R 2 terms the expression was found in [18] [19] [20] [21] .
classical correction of order G N in such a way that
where we are expanding the left hand side only to first order inh. We can then reexpress (2.9) as
To first order inh, I n (ĝ n +h) = I n (ĝ n ) due to the equations of motion forĝ. In (2.11) we are considering n very close to one. Hereh is the solution for n = 1, and we have kept it fixed as we vary n away from one. We have also ignored higher order terms inh. The right hand side of (2.11) can be then rewritten as the change in the area due to the shift of the classical solution,
. Since the change in the background is of order G N , this term is of order one. In a general higher derivative theory this will presumably become δS W−like . A diagrammatic interpretation of this contribution is given in figure 4. Figure 4 : The contribution to S ··· from the change in the area of the minimal surface, δA, due to the quantum corrections of the background. We can interpret this diagram as solving (2.10) forh in terms of 1-loop stress tensor. We need to solve forh along the minimal surface and integrate the stress tensor over all space.
In addition, we should add terms arising from the counterterms that render the bulk quantum theory finite. Such counterterms are given by local expressions in terms of the metric and the curvature, etc. Thus they look like the classical action itself. They contribute to the entropy via local terms of the same form as the ones we get for a general higher derivative local action. For example a counterterm of the form In conclusion, the full expression for the quantum correction to the entropy is given by
The first term is the bulk entanglement. The second is the change in the area due to the shift in the classical background due to quantum corrections. The third is the quantum expectation value of the formal expression of the Wald-like entropy. The final term arises because we need to introduce counterterms in order to render the computation finite 9 .
The last three terms in (2.12) fill in the dots in (1.3). Some articles, e.g. [14] , compute the entanglement entropy by smoothing the tip of the cone and, when fields are coupled to curvature, they obtain an extra contact term, this is precisely our Wald-like term, S reg−cone = S bulk−ent + ∆S W−like . Let us finish with some comments. The expression (2.12) for the case of black holes was discussed in [14, 15] 10 . Notice that, in the black hole case, we can compute the entropy using the Gibbons-Hawking method, which is to change the period of τ (called β), considering always the smooth solution. In this case, we get the full quantum result from the determinants, computed on the n-(or β-)dependent geometry. In other words, at this order, there is no need to shift the classical background due to quantum corrections, or to evaluate quantum expectation values of the formal expression for the Wald entropy. 11 However, if we evaluate the quantum correction using bulk entanglement (as opposed to the Gibbons-Hawking method) we need to take them into account to get the right answer. Similarly, if we compute the quantum correction using the replica trick, we can just compute the determinants, and analytically continue them without worrying about the changes in the classical background due to the quantum corrections, as was done for AdS 3 in [16] . The last three terms in (2.12) are given by local integrals on the original minimal surface. Thus, they contribute terms which are qualitatively similar to the classical contribution. The classical Ryu-Takayanagi formula was shown to obey various nontrivial 8 As we mentioned this formula is unknown for general non-U(1) invariant situations. However see [18] [19] [20] [21] for R 2 corrections. Here we simply assume that such a formula exists.
9 Some aspects of these counterterms have been discussed recently in [13] . 10 In the black hole case, where one has a U (1) symmetry, it is easier to define the quantum computation for non-integer n. Here we had to define it as (2.6).
inequalities also obeyed by entanglement entropy [23] . One of these is the strong subadditivity condition. In fact, this inequality follows from the fact that we are minimizing a quantity in the bulk [23] . Thus if we add the last three terms in (2.12) to the RyuTakayanagi formula, we still get a result that can be viewed as the minimization of a local expression. To order G 0 N , the corrections in (2.12) do not change the shape of the surface because they are small corrections. Moreover, the bulk entanglement contribution, the first term in (2.12), obeys the entropy strong subadditivity condition on its own, since it can be viewed as a field theory computation in the bulk. Thus, we have argued that the classical plus first quantum contribution should also obey the strong subadditivity condition.
Applications
Here we discuss some applications of the above formula. We will concentrate on cases where the quantum correction gives a qualitatively new effect.
Almost gapped large N theory
Consider the Klebanov-Strassler theory in the large N limit, where it is described by the gravity dual found in [24] . The shape of the corresponding geometry is such that most of the bulk fields give rise to massive excitations from the four dimensional point of view. The only massless excitations are associated to the spontaneous breaking of the U (1) baryon symmetry [25, 26] . Since it is a supersymmetric theory, the usual Goldstone boson is part of a massless chiral superfield. Now consider a region A of a size which is larger than the inverse mass of the lightest massive modes. The classical contribution for such a region was computed in [27] . This arises from a minimal area surface which comes down from the boundary into the bottom of the throat with a topology as indicated in figure 5 . The result is that it goes as
for large R, where R is the size of the region. Here c 0 has both UV divergent and finite contributions. c 0 is proportional to N
12
The quantum correction is given by the entanglement in the bulk between the interior and the exterior of region bounded by the Ryu-Takayanagi minimal area surface in the bulk, Figure 5 : Shape of the minimal area surface in the Klebanov-Strassler theory. The yellow region is the interior. The quantum correction is given by the entanglement between the interior and the exterior. see figure 5 . For a large region, we can approximately compute the bulk contributions by doing a Kaluza-Klein decomposition of all the bulk fields, and then doing the entanglement computation in four dimensions. To the order we are working, all the bulk fields are free. All the massive bulk modes contribute only with terms that give rise to contributions similar to (3.13). However, the massless modes (two bosons and two fermions) give rise to a qualitatively new logarithmic term of the form S q−log = −α log RΛ (3.14)
where Λ is the scale setting the mass of the massive modes. Here α is a numerical constant that depends on the shape of the region [29] . For a spherical region α = 4a where a is the conformal anomaly coefficient for a chiral superfield, a = − 1 48 . A similar correction to the Ryu-Takayanagi formula was argued for in [28] . In Section 3 of [28] they consider an AdS soliton geometry which is dual to a 3d confining gauge theory. A Chern-Simons term was added to the boundary theory resulting in a topological theory in the IR. The expected topological term in the entanglement entropy is reproduced by the entanglement of bulk fields. This provides a further check of (1.3).
Thermal systems in the bulk
We can consider a confining theory whose geometry can be modelled by an AdS space with an infrared end of the world brane. In this case, let us consider a theory with no massless modes. Then the entanglement entropy of a large region of size R will behave as in (3.13 ). This will be the case as long as we consider the theory in the vacuum. However, if we consider the theory in a thermal bulk state, with a gas of particles in the bulk, we get a contribution to the entropy from this gas. We are considering the phase with no black brane. Then we get a contribution proportional to the volume, S(A) ∝ V A , in addition to (3.13) . This contribution is of order G 0 N (or N 0 ). We obtain this contribution from the bulk entanglement entropy of region A b , eee figure (6). Figure 6 : Confining theory and thermal gas in the bulk. Here V A is the volume of region A in the boundary Another case which is qualitatively similar arises when we consider a fermi surface in the bulk 13 . Since we end up computing the bulk entanglement entropy, we reproduce the logarithmic terms that are expected in that context [43, 44] . This is important for applications of AdS/CFT to non-Fermi liquids. See for example [45] [46] [47] , where such logarithmic violations are expected due to the appearance of bulk fermi surfaces. This should be contrasted with [48] where the logarithmic violations to the entanglement entropy where found from the leading geometric term.
Non-contractible circle
If the τ circle that appeared in our discussion in section 2 is not contractible in the bulk, then the classical contribution to the entropy vanishes. In this case, the whole contribution to the generalized gravitational entropy comes from the quantum correction. It involves the propagation of the quantum particles around the bulk circle. It is a finite contribution. In the case that the system has a U (1) symmetry, this is just the thermal entropy of a gas of particles in the bulk. In general, this setup leads to a bulk mixed state under analytical continuation to Lorentzian signature and we just get the entropy of this bulk mixed state.
Mutual information, generalities
For two disjoint regions, A and B, we define the mutual information
A feature of the Ryu-Takayanagi formula is that, for well separated disjoint regions, the mutual information is zero [30] . See figure 7 . In other words, the classical bulk answer is zero. This is due to the fact that the surface for S(A ∪ B) is the union of the surfaces that we use to compute S(A) and S(B). We will see that the quantum correction gives us something different from zero. Note that all the local contributions (coming from the second, third and fourth terms in (2.12)) also cancel for the same reason as in the classical case. Thus mutual information comes purely from the bulk entanglement term (the first term in (2.12)). Thus the quantum contribution to the mutual information is simply equal to the bulk mutual information for the two bulk regions:
Here A and B are two regions in the boundary CFT. A b and B b are the two corresponding regions in the bulk, see figure 7 . As explained in [31, 32] , a non zero answer is necessary for having non-vanishing correlators. The argument is based on the general bound for correlators [33] 
where |O A | is the absolute value of the maximum eigenvalue 14 . Thus, the non-zero one loop correction will enable us to obey this bound. We will discuss this in more detail below.
Long distance expansion for the mutual information in quantum field theory
Here we consider two disjoint regions, A and B that are separated by a large distance in the boundary theory. In this situation, one can do a kind of operator product expansion for the mutual information. As discussed in [30, [34] [35] [36] , the expected leading contribution comes from the exchange of a pair of operators each with dimension ∆ 15 . In other words, we have [30, [34] [35] [36] ]
where C ∆ comes from squares of OPE coefficients. These OPE coefficients C A O arise by replacing region A of the replica space by a sum C A O O over local operators in the n copies of the original CFT. Such operators take the form of products of operators of the original CFT living on the different replicas. Once we have have these OPE coefficients we can find:
where the sum is over all operators contributing at the same order as (3.18) . This involves sums over operators in different replicas and the analytic continuation in n appears nontrivial. For a single operator living on a single replica the OPE coefficient C A O , in principle, could be calculated. However, it vanishes as (n−1) since the one point functions of the unreplicated space vanishes. Therefore, the square of the OPE coefficient in (3.19) vanishes at n = 1. The two operator case in (3.18) gives the first non-zero answer. We expect that the leading contribution comes from pairs of operators with lowest anomalous dimension. At integer n we are doing a standard OPE expansion in terms of operators of the replicated theory. However, the final result at n = 1 cannot be interpreted as an ordinary OPE expansion in the original theory. For example, the leading behavior in (3.18) might not be reproduced by operators of the original theory. For example, the theory, at n = 1, might not have an operator with dimension ∆ = 2∆ to reproduce (3.18) 16 . In general, the individual OPE coefficients cannot be continued to n = 1. However the sums of squares of all the OPE coefficients contributing at the same order in (3.18) can be continued to n = 1 [35] . Here we will not compute the OPE coefficients, we simply focus on the r dependence.
Notice that this behavior of the mutual information, (3.18) , is consistent with the bound (3.17) . In addition, this implies that the C ∆ coefficient for the lightest operator cannot vanish.
In large N theories, the standard large N counting rules imply that the OPE coefficients C A O for the leading contribution are of order one, since they come from a connected two point function in the replicated geometry. This is in the normalization where the two point function of single trace operators is normalized to one. Thus, the leading contribution to C ∆ vanishes at order N 2 and is non-vanishing at order one. Similar large N counting for more general operators leads us to expect that the mutual information vanishes exactly at order N 2 in large N theories, for well separated regions, as is the case in large N theories with gravity duals. For this argument, the crucial feature is that the contribution from the exchange of a single operator vanishes 17 .
We can similarly consider mutual information in non-conformal theories. For example we can consider a massive theory. In this case the long distance expansion can be done in terms of the excitations of the massive theory, in terms of the lightest massive excitation. As before, these excitations will propagate along the n separate copies of the replicated theory. And the leading contribution comes from pairs of the lightest particle 18 . Again the bound (3.17) implies that the corresponding coefficient cannot vanish. So far we have discussed theories in flat space. We can similarly consider theories in curved spaces. Again, for well separated regions, we have a long distance expansion of the mutual information that involves the propagation of the lightest excitations, but now in curved spacetimes. Thus the mutual information behaves as
where G is the propagator for the lightest excitation of the theory in the curved manifold. More precisely, the one whose G(x A , x B ) propagator is the largest.
Long distance expansion for mutual information using gravity duals
Now we consider a theory with a gravity dual. For well separated regions, as argued around (3.16), the leading order term comes from the bulk entanglement between regions A b and B b , see figure 7 . In this approximation, we have a quantum field theory in a fixed background geometry. Then the long distance expansion of the mutual information reduces to the expression in (3.20) , where we should consider the lightest bulk particle. If the theory reduces to pure gravity in the bulk, then this is the graviton. Again, the coefficient is non-zero due to the bulk version of (3.17) .
due to the standard AdS/CFT dictionary [38, 39] . Here x A b is some point in the bulk region A b and x A is some point in the boundary region A. Inserting this into (3.20) we reproduced the expected field theory result (3.18).
Corrections to the Entanglement Plateaux
Another situation where we expect quantum corrections to be the dominant answer comes from considering entanglement entropy for subsystems in thermal states. They satisfy the Araki-Lieb inequality [40] :
where ρ is the density matrix describing the state of the full system. Here A c is the complement of region A in the boundary theory (A ∪ A c gives the full system). For a thermal state S(ρ) is just the thermal entropy of the full system. In holographic theories this inequality can be saturated when A is small enough (or equivalently A c is small.) This was discussed extensively in [41] where this saturation was named the Entanglement Plateaux (see also [1, 23, 42] .) That is, for region A small enough the minimal surface for region A c is the disconnected sum of the minimal surface for region A and the horizon of a black hole in the bulk, see figure 9 . The thermal entropy is computed by the black hole horizon. Thus the classical answer gives a vanishing contribution to (3.21) . In the bulk, the first non-zero contribution to (3.21) comes from the bulk entanglement contribution to the quantum correction (2. where region H is the region behind the horizon. We are imagining we have the eternal black hole and region H is the second bulk space joined to the first by the Einstein-Rosen bridge. We see that ∆S is the same as the bulk mutual information of regions H and A b . This is positive by the subadditivity condition applied to the bulk field theory. The inequality in (3.22) is strict because of (3.17) applied to the bulk theory.
EPR pair in the bulk
Imagine two well separated regions A and B in such a way that their mutual information vanishes according to the classical RT formula. In the vacuum, the mutual information decays at long distances. Here we add two spins that are EPR correlated as indicated in figure 10 . We can imagine these as arising form the spin of two (fermionic) glueballs in the boundary theory which corresponds to two particles in the bulk. In this case the bulk entanglement entropy contains a non-zero piece which is independent of the separation, for large separations. This is just simply the usual mutual information of two spins, I = 2 log 2. Of course we can consider a more complex system with the same type of result. This contribution is given by the bulk entanglement term in (2.12). 
